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A. INTRODUCTION
Both parts of the Fundamental Theorem establish connections between antiderivatives and definite
X
integrals. Part 1 says that if f is continuous, then I f(t) dt is an antiderivative of f. Part 2 says that
a
b
j f(x)dx can be found by evaluating F(b) - F(a), where F is an antiderivative of f. We need a
a
convenient notation for antiderivatives that makes them easy to work with. Because of the relation
given by the Fundamental Theorem between antiderivatives and integrals, the notation jf(x)dx is
traditionally used for antiderivative of f and is called and indefinite integral. Thus
jf(x)dx =F(x)+C means F'(x) = f(x)
For example, we can write
3 3
2 X d [ x
dx=—+C — |—+C| = x2
jxx 3+ because dx[erJ X
So we can regard an indefinite integral as representing an entire family of function (one antiderivative
for each value of the constant C).
b
You should distinguish carefully between definite and indefinite integrals. A definite integral _[a f(x) dx
is a number, whereas an indefinite integral jf(x)dx is family of functions. The connection between
them is given by part 2 of the Fundamental Theorem. If f is continuous on [a, b] then
b b
ja f(x) dx _j f(x)dx>
The effectiveness of the Fundamental Theorem depends on having a supply of antiderivatives of
functions.
We adopt the convention that when a formula for a general indefinite integral is given, it is valid only on
an interval. Thus, we write
I izdx -1 +C
X X
With the understanding that it is valid on the interval (0, «) or on the interval (-«, 0). This true despite
the fact that the general antiderivative of the function f(x) = 1/x?, x # 0, is
—£+Cl if x<0
F(x) 1 |
-—+C, if x>0
X
ELEMENTARY INTEGRALS
byt dx 1
i ax+b)"dx = (ax+b) - ii = =
(M [@x+b) e tene-l () [—=r =~ inlax+bl+c
1 apx+q
. eaX+bdX - = ax + b - pXx+q =
(iii) _[ ae +C (iv) Ia dx pfna(a>0)+c
. 1 . 1 .
(v) Ism(ax+b)dx =-7 cos (ax + b) + ¢ (vi) Icos(ax+b)dx = sin (ax + b) + ¢
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1 .
(vii) Itan(ax+b) dx:g /nsec |ax + b|] + ¢ (viii) J-cot(ax+b) dx:iﬁn sinjax+b|+c
a
. 1
(ix) f secz(ax +b)dx = 2 tan(ax+b)+c (x) I cos ec? (ax +b) dx = —% cot(ax+b)+c
(xi) f sec(ax +b).tan(ax +b) dx = 1 sec (ax+b)+c
a
(xii) I cosec (ax +b).cot(ax +b) dx = —% cosec (ax+b)+c
X
(xiii) jsecxdx=ln|secx+tanx|+c OR In tan %+E +c OR -In|secx -tan x| + ¢
. X
(xiv) Icosec x dx =In|cosec —cotx|+c OR In tanE +cC OR - In |cosecx + cot x|
B. INTEGRATION BY TRANSFORMATION
1 —x4
Ex.1 Integrate WJFH + sec x tan x.
Sol. Herel= I x3/4 dx+j (1+x+x2 +x3)dx +.[ secx tan x dx
[ (L-x)/(1-X)=1+x+x2+x3+..cc..... + x"-1]
| = 4xY4 + x + (x%/2) + (x3/3) + (x*/4) + sec x + c.
Ex.2 Integrate (1 + sin x)/(1 - cos Xx).
1+sinx 1+25in5cos§ 1 5 X X X X
Sol. HereI=J' dx:j 2 2dx=—_|‘cosec —dx+J‘cot—dx=—cotf+2Iog sin = | +c
1-cosx 2sin2 X 2 2 2 2 2
sin® =
2
J' dx
Ex.3 Evaluate tanx + cot X + sec X + cosec X
dx (sinxcosx) dx sinx
Sol.  Here, | = j tanX + cot X + Sec X + cosec x “ Ji1+sinx+cosx ~ J 1+tanx+secx dx
Multiplying and dividing by (1 + tan x - sec x), we get
3 J' sinx(1+tanx -secx) . 3 J- sinx(L+tanx —secx) .
~J (1+tanx)? —sec? x - 2tanx
1 1 ) 1 .
= - jcosx(1+tanx—secx) dx:—f(cosx+3|nx—1) dx = - j(smx—cosx—x)+c
2 2 2
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Ex.4

Sol.

Ex.5

Sol.

Ex.6

Sol.

5cos® x + 2sin® 1+ 2sinx 1-cos2x

X
Integrate > > + J@+sin2x) + —5  +

2sin“ Xcos“ X COS“ X 1+cos2x

The given expression may be written as

3

X +2sin x 7 2 : 1 2sinx  2sin®x
— > + 4/(cos” x +sin“ x+2sinxcosx) + >+ > 5
2sin“ xcos“ X COS” X COS“ X 2C0Ss° X

5cos

cosec x cot X + sec x tan x + cos x + sin x + sec? X + 2 sec x tan x + 2 (sec? x - 1)

cosec x cot X + 3 sec x tan x + cos X + sin X + 3 secZ x - 2.

Nl N|o

Now integrating, we get

5 .
=3 J.cosecxcotxdx+3.|.secxtanxdx+ J-COSXdX+J-SlnXdX+3j5902XdX—2jdX

5 .
=—Ecosecx+35ecx+smx—cosx+3tanx—2x+c.

SecX

Integrate m

secx dx sec x dx dx

dx
J3 +tanx _-[ 3+ (sinx / cos x) _-[ J3 + cos X + sinx _v[ 2[(\/3/—2)cosx+;sinx}

We have I

1 dx
— + C.

tan Bx + (nIG)}

—=£jcosec(x+£n]dx = % log
2 sin[x+ln) 2 3

3
CONSIDER INTEGRALS OF THE TYPES

j COS ax cos bx dx, I cos ax cos bx dx, I cos ax cos bx dx, in which a = b.

We can use these addition formulae to change products to sums or differences, and the later can be
integrated easily.

Integrate Isin 8x sin 3x dx
. . 1
sin 8x sin 3x = 2 (cos 5x - cos 11x),

. . 1 1 1
and so Ism 8xsin3xdxx = £y I(cosSx—cosllx) dx = 20 SN 5x - 2 sin 11x + ¢,

We next consider integrals of the type I cos™x sin" x dx , in which at least one of the exponents m and

n is an odd positive integer (the other exponent need only be a real number). Suppose that m = 2k + 1,
where k is a non-negative integer. Then cos™x sin"x = cosZk* ! x sin" x = (cos2x)X sin" x cos X.

Using the identity cos? x = 1 - sin2x, we obtain I cos™ .x sin" x dx = I (1-sin? X)X sin" x cos x dx.
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The factor (1 - sin®x)* can be expanded by the Binomial Theorem, and the result is that J. cos™ x sin" x dx

can be written as a sum of constant multiples of integrals of the form J.sinqx cos x dx . Since

1 . .
- g+1 _
jsinqxcosxdx= q+1sm x+c it q# -1,

/mlsinx|+c if q=-1

If follows that _[ cos™ x sin" x dx can be readily evaluated, An entirely analogous argument follows if the

exponent n is an odd positive integer.

Ex.7 Integrate (a) j cos®4xdx,  (b) j sin® x cos? x dx
Sol. In (a) illustrates that the method just described is applicable to odd positive integer powers of the sine

or cosine (i.e., either m or n may be zero). We obtain

I cos® 4x dx = I cos® 4x cos 4x dx = j (1-sin® 4x)cos 4x dx

.9 1 1 .

= Icos 4x dx - Ism 4xcosdxdx = 2 sin 4x - 12 sin34x + c.
In (b) it is the exponent of the sine which is an odd positive integer.

I sin® x cos® x dx = j (sin2 x)2 cos* x sin x dx

= I 1- cos? x)2 cos? x sin x dx = j - 2cos® x + cos® X) cos* x sin x dx

. . . 1 2 1

= _[cos“x sinx dx -2 ICOS6XSInX dx +J. cos® xsinx dx = 5 COS% + = cos’x - & cos%x + c.
The third type of integral we consider consists of those of the form J.cosm x sin x dx ,
in which both m and n are even non-negative integers. These function are not so simple to integrate
as those containing an odd power. We first consider the special case in which either m = 0orn = 0. The
simplest non-trivial examples are the two integrals _[ cos®x dx and _[ sin®x dx , which can be integrated

. o 1 . 1

by means of the identities cos?x = 5(1 + cos 2x), sin®x = 5(1 - Cos 2x)
Evaluation of the two integrals is now a simple matter. We get

Icoszx dx:lj(1+c032x) dx:1+lsin 2x+c,

2 2 4
Isinzx dx:lj(l—COSZX) dx=£+lsin 2x+cC.
2 2 4
Going on to the higher powers, consider the integral I cos? x dx , where iis an arbitrary positive integer.
1 ' :
We write cos? x = (cos? x)' = |:E(1+ cost)} =;(1+ cos 2x)'
We expand using binomial theorem and integrate the terms using previous methods.
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C.

Ex.8
Sol.

INTEGRATION BY SUBSTITUTION

Let g be a function whose range is an interval |, and let f be a function that is continuous on |. If g is

differentiable on its domain and Fis an antiderivative of f on I, then jf(g(x))g'(x) dx = F(g(x)) + C.
If u = g(x), then du = g'(x) and jf(u) du=Fu)+C,

GUIDELINES FOR MAKING A CHANGE OF VARIABLE

1. Choose a substitution u = g(x). Usually, it is best to choose the inner part of a composite function,
such as a quantity raised to a power.

Compute du = g'(x) dx.

Rewrite the integral in terms of the variable u.

Evaluate the resulting integral in terms of u.

Replace u by g(x) to obtain an antiderivative in terms of x.

nhwN

THE GENERAL POSER RULE FOR INTEGRATION

[+t
n

If g is a differentiable function of x, then _[ [9001" g'(x) dx = 1

+C, nz-1

RATIONALIZING SUBSTITUTIONS
Some irrational functions can be changed into rational functions by means of appropriate substitutions.

In particular, when an integrand contains an expression of the form Y/g(x) , then the substitution
u = Yg(x) may be effective.
SOME STANDARD SUBSTITUTIONS

dx
(i) J.n— n € N Take x" common & put 1 + x™" = t.
X(x" +1)

(i) [

W n e N, take x" common & put 1 + x™" = t"
X (x +1)

(i) |

—tk X" common X an t1+x"=t
x(lx)l/”ae co on as x and pu

(iv)‘[ /E:Z dx or I,/(x—a)(ﬁ—x) ; put x = o cos?0 + B sin?6

(v) I\/iig dx or [(x=a)(x-B) ; putx = o sec? - B tan’

Evaluate j 2 +1)2 (2x) dx .

Letting g(x) = x2 + 1, we obtain g'(x) = 2x and f(g(x)) = [g(x)]>.
From this, we can recognize that the integrand and follows the f(g(x)) g'(x) pattern. Thus, we can
90 g

i — T = — l 2 3
write I(x2+1)2 %) dx = 3 x>+ 1)*+C.
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Ex.9 Evaluate j _4—X22
(1-2x%)
u? du VD
—— 2 -1
Sol. I(l— 2x2)72 (-4x)dx =%+c

Ex.10 Evaluate jx3 cos (x* +2) dx .

Sol.

Ex.11 Evaluate J

Sol.

Ex.12 Evaluate I

Let u=x*+2 = du=4x3dx

3 4 - 1,1 1. I
J-x cos(x™ +2) dx —J-cosu.zdu—zfcosudu = 4S|nu+C = 4sm(x +2)+C

x2dx
3-2)°"

Let u = x3 - 2. Then du = 3x? dx. so by substitution :

J' x2dx _J'du/3:

03 -2°

X

+4dx
X

1 u”

4 1
%Ju‘Sdu =—-—+C=--(x*-2)*+C.

3 -4 12

Sol. Letu= vx+4.Thenu?=x+ 4, sox = u?2-4 and dx = 2u du.
u 2
Thereforej”x+4dx=f 77 2udu=2[——du =2f[1+"|au
X u® -4 uc -4 u?> -4
du 1 u-2 VX+4 -2
= du+8 = + . — — + = + —| +
ZI Iu2_4 2u + 8 52 /n uio C=2Jx+4 2 /n m+2 C
Ex.13 Evaluate | s
. aluate
X val 1+eX
Sol.  Rewrite the integrand as foll ! e_x(lj e’ * 4+ 1; d ~d
ol. ewrite the integrand as oows.1+ex = X 1ie*) T o1 (u=e>*+1;du=-exdx)
dx e *dx —du
= =-Mm[u|+C =-/n(e*+1)+c (- e*+1>0
-[1+ex-[e‘x+1 ( ) ( )

Ex.14 Evaluate J. sec x dx

Sol. Multiply the integrand sec x by sec x + tan x and divide by the same quantity :
sec(sec X + tanx) secxtanx + sec? x
I sec xdx = I dx =
sec X + tanx sec X +tanx
Now put u = sec x + tan x = du = (sec x tan x + sec2x) dx
2 du
we find j secxtanx + sec” X dx = f— =/n|u|l + C=/n|secx + tan x| + C
sec X +tanx u
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Ex.15 Evaluate J cos X /(4 - sin? x) dx

Sol. Putsin x = t so that cos x dx = dt. Then the given integral = j\/(4—t2) dt =I\/(22 —t?) dt

2

_ 1 2" _ 1. -2 o :
= Et1/(22—t2) + - sin L(t/2) +c = 5 sinx. J(@—-sin?x) + 2sin"! (1/2sinx) + ¢

Ex.16 Integrate (i) ©—°— (i) 10x” + 10" I0ge 10
) g eX+e ™’ 10% +x1°
eX—e¥
Sol. (i) Letl = J.ﬁdx. Now putting eX + e™ = t, so that (e* - e™) dx = dt,
e"+e

we have I = j(l/t) dt = |og t= |Og (eX + e—x)_

10x° +10%.log, 10
10% + x1©

(ii) Here I = I dx. Now putting 10 + x1® =t, and (10*log, 10 + 10x°) dx = dt,

we have 1= j(1/t)dt=|ogt=|og(10x+x10)+c

1

Ex.17 Integrate (i) ————,
g ® xcosz(1+logx)

(i)

x(@+logx)™

Sol. (i) Herel = Idx/{x cos? (1+log x)} . Putting 1 + log x = t, so that (1/x) dx = dt, we have

L]
Il

J-dt/coszt = jsecztdt =tant =tan (1 + log x) + c.

(ii) Here I = _[dX/{X(1+|09 x)"}. Putting 1 + log x = t, so that (1/x)dx = dt, we have

dt g+ (1+logx)™™L 1
RN St~ A A —— 1-
I R a-m = a-m) (1 +log x)!™™ + c.
. cotx R 11} S
Ex.18 Integrate (i) jo s (i) Tlog(secx)

. d . 1 B
Sol. (i) Here ix (log sin x) = Sinx cos x = cot Xx.

cot x dx cot dt
— =J' X log |log (sin x)|+ ¢

= Jlogsinx t  cotx
. tanx dx
(ii) We have —Iogsecx = log |log sec x| + ¢
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Ex.19 Integrate ,/(1+sinx)

Sol.

We have I = [ {(I+sinx) dx = j\/{1—cos[§+xj} dx = I\/{Zsinz [%%ﬂ dx

1 .
+ % = t= S dx=dtordx=2dt wehavel= J.\/Zsmzt (2dt) = 22 cos[§+%j+c

X
Now put >

Ex.20 Integrate cos® x.

Sol.

J.cossxdx = jcos“xcosxdx = J-(l—sinzx)z cosxdx = I(l—tz)z dt, [put sin x = t = cos x dx = dt]

2 1 in°
_ j(1—2t2+t4)dt =t- P+ trcs sin X—%sin3

X +SinX +C

®x

cos
Ex.21 Evaluatej - dx
sin“ x
5 4 L2082
C0Ss” X cos™ x 1-sin“x
Sol. LetI=J‘_2 dx=_[_2 cosxdx=J%cosxdx[putsinx=t:cosxdx=dt]
sin“ x sin“ x sin“ x

then |

@32 12+t [, 2] 2 t3
,[ t2 _dtj 2 dt—jtz dt__t_2t+§
3

1 . sin® x . 1
- —— —-2sinx + = - cosec X - 2sin X + — sin3x + ¢
sinx 3 3

Ex.22 Integrate 1/(sin3 x cos®x).

Sol.

Here the integrand is sin=3 x cos™x. It is of type sin™ x cos" X,
wherem + n = -3 -5 =-8i.e., -ve even integer

I_J- dx —J dx _J'sec8 xdx _Isecsx.seczxdx _ 1+ tan®x)® sec? xdx
“Jsin®xcos®x Y (sin®x/cos®x)cos®xcos®x ) tapdx (tan® x) h tan3 x
Now put tan x = t so that sec® x dx = dt
A+t2)3dt 1.3 2 1 3 1
| = I—t3 = 'f t_3+T+3t+t dt=—P +3Iogt+5tan2x+§tan3x

Ex.23 Integrate 1//(cos® xsin® x)

Sol.

Here the integrand is of the type cos™ x sin"x. We have m = -3/2, n = -5/2, m+ n=-4i.e., and even
tive int '[ dx j dx J dx
negative integer. o \/(0053 xsin®x) ~ d cos32 xsins/2x c0s3/2 x(sin®/2 x /cos®'2 x)cos®'2 x
3 J' dx _ J' sec x dx = _[ sec? x sec? x dx
~ Jecostxtan®?x ~ Jan®2x T Jtan5/2x
(1+tan®x) 1+1t%) _ R
= m sec’x dx = ItST dt, putting tan x = t and sec’x dx = dt

52 - 2 2 2
J.(t 312 L 12t =-3 U2+ 2t12 =-2 (tan x)¥2 + 2(tanx)¥? = 2ftanx) -7 (tanx) 2+ c
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dx

a)cos(x — )

Ex.24 Evaluate ‘[\/sin(x+

Sol. Putx-p=y = dx =dy

o .[ dy J‘ dy
Given integral | = \/cos3ysin(y+[3+a) =1I= \/cos3ysin(y+9) (06=a+pB)

j dy dy
- \/cossy(sinycose+cosysin9) = \/cos4y(cosetany+sin9)

J‘ seczydy _ , ,
= \/(cosetany+sine) Now put sin® + cosd tany = z2 = cos0 sec’?y dy = 2z dz
2zsec 0dz /Sin(y+6) sin(x +a)
= I= I—z = 2 sech —cosy +c=2sec(a+B) —cos(x—B) +cC
5x4 + 4x°

Ex.25 Evaluate J.m X

Sol |- J' 5x* + 4x° _j x*(5 + 4x)dx B 5/x8 +4/x° q
ot TG exr12 T 2 _.[ 2 O
x10 1+i+i 1.1
1+ —+——
x4 x° x4 X
14 = + = =t { > 6} dx = dt = | - ! <
utl+ 7+ 5 =t=|"F5 g|/dx=dt=|-F == +c= +c= +c
P x4 x° x> x® 2 Tt 1+ 1 + 1 x> +x+1

D. RATIONALIZATION BY TRIGONOMETRIC SUBSTITUTION

Consider the integral 'f\/az -x2 dx

If we change the variable from x to 0 by the substitution x = a sing, then the identity 1 - sin?6 = cos?6
allows us to get rid of the roots sign because

j\/az—xz = Ja?-a2sin29 = ya2(1-sin?0) = ya2cos2p = alcoso|

Notice the difference between the substitution u = a2 — x2 (in which the new variable is a function of
the old one) are the substitution x = a sin 0 (the old variable is a function of the new one).

In general we can make a substitution of the form x = g(t) by using the Substitution Rule in reverse. To
make our calculations simpler, we assume that g has an inverse function; that is, g is one-to-one.

[f0adx = [famg et

This kind of substitution is called inverse substitution.
We can make the inverse substitution x = a sin 0 provided that it defines a one-to-one function. This
can be accomplished by restricting 6 to lie in the interval [-=/2, =/2].
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Ex.26

SOME STANDARD INTEGRALS

. I—X X . J‘ dx 1ot X
i =sin! = + ¢ i = = tan! = +c
M ) 2 a M 22 =3 a

dx dx
(iii)jX [2_2 = i sec™ g +cC (iv) I (2.2 =N X +Vx% +a?]

a+X
a—X

1

dx d
(v) Im =1In [x++x2-a?] (vi) Iﬁ = o5

+C

X—a
X+a

2
a . X

+C va.a—x dx = — 2 + =— sin"t —+ ¢
(iii) [ 5 N2 2+ 2 ;

X +Vx2 +a?

. dx 1
(vii) sz—az = 2 In

(ix)j x? +a® dx g [2. 42 + % In
() [V -a dx= 5 [x2_a? -

+C

n X+\/X2—a2 +c

N | X

dx
Evaluate j lixz—a ,Wwherea >0

Sol. Weletx = asecd, where0 <0 <n/20orn <0< 3n/2. Then dx = a sec 6 tan 6 do and
= \/az(secze—l = Jaltan2p = a |tan6| = a tano «
Vx? —a?
asecOtan6 0
= = |sec6dd =
Therefore ,[ /7 I aiano do _[ In |seco + tand| + ¢ a2
x% - a? _dx x Vx*-a’
The triangle in figure givestan 6 = = —_ , sowe have [, 5 =1In g+ a +cC
a X" —a
=In|x+ yx2_g2|-Ina+C=In|x+ x2_52|+C, secod = g
Ex.27 Integrate 1/(2x?> + x — 1).
dx 1 dx
Sol. We have -[(2x2+x—1) =3 _[ 2 +§_l
2 2
J J <+ 1 3
_ 1 X _1 X _114 4 4
_ZI 1% 1 1 ZI 2 o9 2230971 3*¢€
X+=| —=—-— X+ | —— X+—-+~o
4) 2 16 4) 16 4 4
1 2x -1 1 2x -1 1 1
=3 log 2(X+1)+c= 3 log x+1| " 3 log2+c= 5Iog(2x—1)/(x—1)| +C,
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| INDEFINITE INTEGRATION |

Page # 13

Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

28 Integrate (3x + 1) / (2x%2 - 2x + 3).
Here (d/dx) (2x? - 2x + 3) = 4x - 2.

3 3
3x+1 2 @x=-2)+1+3
I=j—2 x=J- dx
2x° -2x+3 (2x% - 2x + 3)
3 ¢ 4x-2 5 1 3
_ 2|22 2l 4 2 _
4 j2x2—2x+3 dx+ 5 I2x2—2x+3 dx = 5 log (2x* = 2x+ 3) +
3 5 dx 3 5
I 2 _ 2 =2 2 _ 2
- log (2x 2x+3)+4j T mgloe (2 2x+3)+5 |
X-=| +|2|-]=
( 2) [2] [‘J
1
1 X

3 ) 5 -1 2
= 4|og (2x2 - 2x + 3) + 4 (5/2) tan (5/2) e

= 3 log (2x2 - 2x + 3 ﬁt-l[zx_lj
—4og(x—x+)+2\/§an 0 +cC

29 Integrate 1/./(4 + 3x — 2x?) -

dx

5 J‘ dx
5 5 2
2.2 " x“-x+(3/2)
dx

x —ijz (5727

dx

16 2 16

3
X_i

1 4
= ﬁ sin! (141/4) +cC _2

Il
%]
=}
AN
VY
N
[
N
+
o]

30 Evaluate I\/(X -1)(2 -x) dx.
We have j\/(X -1)(2-x) dx J.\/(—xz +3x — 2)dx

{123 3] o 52 o tom i
(x-2) f(e 3] 32 e -2

- = (2x - 3) \/(3x—x2—2)+% sin"!(2x - 3) + ¢

N~

|

dx 1 _ 1
We have Im= 2 j{2+9—[x2—3x+9j} =2 I\/{(41/16)—(X—3/4)2}
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3 + 3)dx

Ex.31 Integrate ﬁ
(x“+1)

3 2
3)d D-x+3
Sol. We have (X2 +3)dx _ IX(X +1)—x+ ,[X(X +1)

Jo + 1) Jo@ +1)

1 2x dx dx
I(Zx)\/ X< +1)dx - I\/ +3 I\/(xz 1)

x +1)

,[ Idx

2
= % {E(Xz”)m} - % 20 +1)1+3mn(x+{x2+1)) + ¢
= % O+ 1) - Jx2+1) +3/n(x+ {J(x2+1)) +c

Ex.32 Integrate x2/(x* + x2 + 1)

2

X
Sol. Letl= J‘# dx, = I; dx, dividing the numerator and the denominator both by x2.
XT+x+1 2 +1+i

2

X

2 2
1 1 1
Now the denominator x? + 1 + L2 c@an be written either as [X —;] + 1oras (X +;] -1. The diff.

1 1 1 1
coeff. ofx—; isl+ x_2 and that of x + X isl—X—z.Sowewrite

o (1+1/x2)+(1—1/x2) I(1+1/x2)dx j(l 1/ x%)dx

1
2 x2+1+(1/x3) (x-1/x2+3 * (x+1/x)% -1

1 1
In the first integral put x - X = t so that [1+X—2J dx = dt, and in the second integral put

1 1
X+ — =zsothat |1-—| dx = dz.
% X

|
[

1_11L+1JL_Lt PRI B N
R OE) A R R N LN B N I

-

1 fx=1/%) 1 (x+1/x)-1 T 2.1 2 x i1
2\/5 tan \/5 +Z|09—(X+1/—X)+1+C=2\/§ tan (\/E)X Igm+c
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(1 +x2)dx
(1—x2)\/1+x2 +x4

Ex.33 Evaluate _[

x2 (1 + 12J dx

_ (1 + x%)dx _ x

Sol. Let,I—I 2\/ > 4-] . -
(1-x“)W1+x°+x Pl xR %2

X X2

=_I (1+1/x?)dx
(x—1/xW(x-1/%)?%+3

dt 1
=—fﬁ (putx -~ =1)

sds
Again putt? + 3 = s2 = 2tdt=2sds=- Js(sz _3)
I ds L |w/(x—1/x)2+3—\/§| L
= - = - + - - =
(37 T 203 9| Jx-1/x2+3+43 T T 23 19

(x —1)dx

(x+1)\/x3+x2+x

Ex.34 Evaluate .[

[x2+i2+1—\/§
X +

x%(1 -1/ x?)dx

C

\/X2+1+1 +3
XZ

(x —1)dx j

(x? - 1)dx I
(x+1)\/x3+x2+x - -

(x+1)2\/x3 +x2+x

2 1
" [lzj > [
1 @+ 20t+1

Sol. Let I= .[

xz[x+2+1j\/x+1+
X X

2z dz dz
=|l— =2 =2tan!(z) + c
I(zz+1)z ‘[22+1 (2)

[,2
=2tan?! (Jt+1) + c=2tant X+TX+1 +C

dx
Ex.35 Evaluate J.\/{(x—oc)(ﬁ—x)}

Sol. Putx = o cos?0 + B sin%0 so that dx = 2 (B - a) sin 6 cos 6 do
Also(x - a) = (B — a) sin%0, and (B — x) = (B — o) cos?0

2(B - a)sin6cos6do

(x2 +2x+1)\/x3 +x% +x

(put x + % =t, (1 - 1/x?) dx = dt)

(putt+ 1 = z2 = dt = 2zdz)

_[2(B—a)sinbcoso

Making these substitutions,in the given integral

=2 jde = 20 = cos™! (cos 20) (1)
But X = a cos?0 + B sin? @; -
i.e.,(p-a)cos20=(a+PB-2x)orcos20=(a+p-2X)/(B-a)
a+[}—2x]

from (1), we get the given integral = cos™! ( b

2x = a (1 + cos 20) + B (1 - cos 26)

) I \/{(B —a)cos? 0.(B — o) sin® 0} ~J (B-a)cosOsing
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Ex.36

dx
(a+ dxz)\/b —ax?

Evaluate I = ,[

\/Ecos 0do
a

b
Substituting ax2 = b sin2 = dx = \/; cos 6 do

Sol. I= I 5
(a + %sin2 e}lb ~bsin? 0
J- cos 6do J- do 5
—_— — _—_— vidi r r
= Ja (@ +b2sin20).cos0 Ja 2 b2sin2o’ dividing N" and D" by cos?6. we get
2
sec” 6do
= uttan 6 =t
Ja J.azsec29+b2tan26 P
J’ dt Ja dt 1 . tva® + b2
= = = tan”t |7 5 | tc
Yo JRu ) = (7,0 ‘[tz 2 \Jaa+b?) °
+7
a’ +b?
I S tan-! ﬂ +C (since, t = tand = ;)
\/a(a2 + bz) ' avb — ax? ’ b — ax?
Ex.37 Integrate 1/(1 + 3 sin?x).
Sol. Dividing Nr. and Dr. by cos? x, we have
- J‘ dx B J' sec? xdx B J sec” xdx B J' sec? xdx
B 1+3sin2x B sec2x+3tan2x h (1+tan2 x)+3tan2x h 1+tan2x
Now putting 2 tan x = 5 so that 2 sec?x dx = dt, we have I = lj a _1 tan' t _1 tan™! (2 tanx)
PUEEINg - - " 214272 =2
E. INTEGRATION BY PARTS
du
jU-VdX =u _[VdX - J.[& -J.de} dx where u & v are differentiable functions.
Note : While using integration by parts, choose u & v such that
du
(a) jv dx is simple & (b) J[&J.V dx} dx is simple to integrate.
This is generally obtained, by keeping the order of u & v as per the order of the letter in ILATE, where
I - Inverse function
L - Logarithmic function
A - Algebraic function
T - Trigonometric function
E — Exponential function
Ex.38 Integrate x" log x
Sol. We have J-anogxdx = J-(Iogx).x”dx
X"+l 1yl X+l X" X+l xn+1
= (log x) . -|1=. dx = (log x) . - dx =(logx) . — - 7775 +C
(log>x) - =7 Ix n+1 (log>x) . =7 jn+1 (log>) - =7 (n+1)?
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log(sec ! x)dx

Ex.39 Evaluate _[ Xm dx

1
-1 — - T - —
Sol. Putsec?! x =t so that N /(xz _1) dx = dt.

1
Then the given integral = j|09 tdt= I(|09t)-1dt = (logt).t- J‘ft dt=tlogt-t+c

sec!x
=t(logt-loge)+c =sec!x (log (sectx) - 1) + c = sec! x |log c +cC

-1 1-x
Ex.40 Evaluate J.tan (1+xj dx.

tan-1 1-cos6
Sol. Put x = cos 0 so that dx = - sin 6 do. the given integral = _[ an 1+ coso [ (= sine)de

1 0, . 9 _l .
—I(tan (tani)smede) j sin 6 do = > IGSIF\Gd@

= _ % [0 . (- cos @) - I(—cose)dG] = ecgse_%ne = l [X cost x = 1 -x%?)]

Ex.41 Evaluate IXZ tan~! xdx

_ 3 X
Sol. We have |x?tanlxdx = X? tanlx - |&—.——

integrating by parts taking x? as the second function

3
X x(x +1) X
~— tan!x - dx wox3=x(x2+1)-x
: 3 [ (2 + 1) = x]
3 2% 3 2 1
=X tantx-  [xdxs [1.1 = X tantx- X 4 = 2
3 tan~! x 3.[ + 33 1+X2dx 3 tan! x 3 + 6Iog(1+x)+c

| 2X +2
Ex.42 Evaluate IS'” > dx.
V4xe +8x +13

2X +2 2X +2

-1 =8 = s,irr1 e —
. = | sin =
Sol. I -[ {\/4x2+8x+13} dx ’[ [V(2X+2)2+32J o

_J‘sinl[—“anejE 29de—§J‘65ec26d6 t 2 2=3tan0=2dx =3 20 do
- 3seco )2 S€C =3 (put, 2x + 2 =3 tan 6 = 2 dx = 3 sec )
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Page # 18 INDEFINITE INTEGRATION

g (6 tane - jtanede) = % {6 tand - log (sec 0)} + ¢

2X+2tan‘1[zx+2]—log L [(2x+2Y
3 3 3 +C

—
Il
N|Ww

_ %{%(x+1)tanl[%(x+1)]—log :

\Jax? +8x +13
— = [ +¢C

2 1
= I=(x+1)tan! [E()Hl)j - 7 log (4> +8x +13) + ¢

2
1+5sin20)°%° loaf —€2520 1 4
Ex.43 If cosd > sind > 0, then evaluate : J %9 1 "<in20 109 T Sin2e

2
j log —1+sin26 cos e+Iog Lze do
Sol. Here, I= 1-5sin20 1+sin20

=.f 2cos” blog cose+s!ne —log cose+s!ne do — J.(Zcosze—l)log —cose+s!ne de
cos0 —sin® cos0 -sin® CoS0—sind

cos 0 +sinod

Ccos0-sinod
I

= jcoic,lze.log( jde, applying integration by parts

cosO+sind) sin20 2 sin20 sin20 Cc0os0+sinod 1
=109 {coso-sine)* ~ 2 _Icosze c T 4= 9 [cose_sinp| T 3 1091 cos20]+c
REMEMBER THIS

ax
(i) 1 [ €™ . sinbx dx = ze—bz (a sin bx - b cos bx) + ¢
a +

ax

(i) Ieax . Cos bx dx = 22 b2 (a cos bx + bsinbx) + ¢

Evaluate I = jeax sinbxdx

Integrating by parts taking sin bx as the second function,

We getI = - eaxc%bx _ 'faea"(— Cosbede = - eaxc%bx + E jeax cosbxdx

Again integrating by parts taking cos bx as the second function, we get

I=-——"*% b b

% cI;)sbx z {eax sinbx Iaeax sinbx dx}
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ax 2
or 1=- S CO05X CbOSbX + biz e?* sin bx - z—z Ieax sinbxdx
eaX a2
or I= e (a sin bx - b cos bx)—b—ZI. [~ e*sinbx dx = 1]

2 a? ax
Transposing the term - Z—z I to the left hand side, we get (1+b—2J I= 1—2 (a sin bx - b cos bx)

1 1 ) ax )
or b2 @2+ b)) 1= b2 e™ (asinbx-bcosbx) . I= 2. b2 (a sin bx - b cos bx)
5 e2><
Thus, J-e Xsinxdx=?(25inx—cosx)+c

Remark : (i) Iex[f(x) T F(x)]dx = eXf(X)+C (i) j [F(x) + xF(x)]dx = xf(x) + ¢

X

Ex.44 Evaluate f = dx
(x+1)
xe*
Sol. We have J 5 dx = jxex ———dx
(x+1) (x + 1)

X

j xe dx = (xeX) (— : J - _[(ex +Xex)(— LJer [Note that the integral of ;2 is — L]
(x +1)? x+1 x+1 (x+1) X +1

X
+eX+c
1

xeX x 1
= - e*(x+1)—/——dx = -
(x+1)2 +I (x+ )x+1

xeX
X+1

xe
X+

+ Iexdx =—

X
e |12 _ex Xt1-X - <
e 1| tc=e +c +c

Alternative solution

X
Wehavej X€_dx jeXMdX=IeX{L_ 1 }dx

(x+1)?% (x+1) X+1  (x+1)?
= [€XIFx) + Fi(x)dx, where f(x) =ﬁ —e ot
Ex.45 Evaluate [ e %
Sol.  We have J‘ex % - J.ex |:2C0252 x Zzi:cz(sgojx}dx - Iex[secz X +tanx]dx

= Iex[f(x)+f'(x)]dX,where f(x) = tan x = eX f(x) + c = eXtanx + ¢

IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-info@motioniitjee.com
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Ex.46 Evaluate j

Sol.

Ex.47

Sol.

dx

1
I, = J(Xz L a2y dx

1
= —-1dX =
I(xz +a%)? u

I

X

(x2 + az)3

()

(i)

-2(2x) x? +a% - a?

1 220 ax - o ] i
o212 X" 2y a2y3 = 212y +4 (2 + a2)3 dx

dx

1
p— — 2 —_—
= (x2+al) + 4 ,[(Xz +a2y? dx - 4a I(x2+a2)3

X

= L= (x* +a

2)2 + 41, - 4a% . I (using (i) and (ii)) = 4a® =

X 3

R
2)2 432

(XZT L +. (i)

. . [ [ I S (z]
{using, previous example, I, = (x2+a2)2 = 2a2(x2+a2)2 + 2a3 tan a +c}

X
= I=

——— 3 X . Ltan‘l[ij
422(x2 +a2)2 t 432 |2a2(x2 + %) 283 a)| TC

INTEGRATION BY REDUCTION FORMULAE

N x"1(a% - x?)3/2 n+1
IfI, = IXn a® - x> dx, prove that I =- ( ) + (n+1) 21

(n+2) (n+2) @ ‘n2

I = Ix”\/a2 -x% dx = Ix”‘l.{X\/az —x2}dx

Applying integration by parts we get

2 2\3/2
o {u
' -3

_ Xn—l(az _ X2)3/2

3

_ Xn—l(az _ X2)3/2

3

} + [(-1x2 {— M} dx

(n+1) 22 (2
+ g jx” (8% =x%) a2 _y2 dx

2 -
L -Da” (-1,

n = 3

n 3 n

+MI = -

3 n-2 3 n

Xn—l(az _ X2)3/2 (n _ 1)a2
3 + 3 In—2

I

n+2 anl(az _ X2 )3/2 (n _ 1)a2
I =- +

3 3 n-2

Xn—l(a2 _ X2)3/2 (n _ 1)a2

n" (n+2)

(n+2) "2
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Ex

Sol. Thus j

Ex

Ex.

Sol.

.48 Integration of 1/(x? + k).

1 —(n —
— J.X-((n—l).Zde

W 1.dx (X2 +k)n—1 - X2 +k)n

(x% +k) -k

X
or I ,= W +2(n-1) _[de, [v x2=(x%2+k)-Kk]

X dx K dx
or In—l = (XZ +k)n—1 + 2 (n - 1) ,[(XZ +k)n—1 '[(XZ +k)n

X X
or Iyi= 2 gt +2( -1l =2k(n-1)l. = 2k((n-11, =W+ {2(n-1) -1} 1,

or 2k(n-1)I, 1+(2n-3)I_

X
T (x2 e k)
dx X (2n-3) dx
R e G EN R T

Hence J.

Above is the reduction formula for J.[l/(Xz +k)"1dx . By repeated application of this formula the

1 X
S —— 1 RN—
integral shall reduce to that of ( 1K) which is /— tan- ( ’_kJ'

.49 Integrate 1/(x? + 3)3.
Sol.

By the reduction formula, we get

,[ dx X 3 ,[ dx ) )
(x2 +3)3 = 12(x2 +3)2 + 12 —(x2 +3)2 , [putting n = 3 and k = 3 in the formula]

B X 1 X J'
= 1202432 T3 |62 +3) 642 +3)
(on applying the same reduction formula by puttingn = 2 and k = 3)

X X 1 X
_ -1 =
= 1202 +32 Y 24?3 Y 2az BV B T

50 Integrate (x + 2) / (2x? + 4x + 3)2.
Here (d/dx) (2x? + 4x + 3) = 4x + 4.

1
I (x+2)dx I4(4><+4)+2—1 1 I (4 + 4)dx ‘I (2-1)dx
(2x% + 4x + 3)? 2(x2 + 4x + 3)2 (2x% + 4x +3)? [X2+2X+ 2}2

1 1 dx
2X +4X+324 +4)dx + = = - +- |—
"4 -[( )7 (4x + 4) dx v[ 2 42x% +4x +3) 4 '[ >, 1)°
(x +2x+2J (x+1) +2}

Now put x + 1 = t and then applying the reduction formula, we get

I_;_'_i S +\/_tan L2(x+ 1) [+ ¢
T a2x®+4x+3) T 4 | (x+1)2+ 2
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Ex.51 Integrate (2x + 3)/(x? + 2x + 3)2.
Sol. Here (d/dx) (x> + 2x+ 3)=2x+ 2

J~ (2x + 3) (2x +2 +1)dx (2x + 2)dx J~ dx

- (x2+2x+3)2 = (x2+2x+3)2 - (x2+2x+3)2 = (x2+2x+3)2
1 J. dx )

T +2x+3) T2 i2x+3)2 (D)

dx
Now let I, = J[

(<2 +1)2 + 27 (Putx + 1 = /2 tant, so that dx = /2 sec?t dt)

V2 sec? tdt 2 5 NS
= = |cos“tdt = = | =
J.(2tan 2t +2)? 4 .[ 4 "-2 (1 + cos 2t) dt
1
= % [+ 3 sin 2t] + g [t +sintcost] +c
X+1 X+1 x+1 2

Now tan t = 2 Therefore sint = \/{(x +1)2 12y T \/(x L 2x+3) 7 and cost = (x2 2%+ 3)

v (5 e« ()« e
Also t = tan NE) _Hencell—?tan 2 \/{(x +2x+3)} \/(x +2x+3) "
2 _1[x+1J 1 x+1
=g R ) T @ raxe3)
1 1 X+1 J2 [x+1J
I=- 5——— +5 3~ =+ >tan! |5 | +c fom(i
Zi2x:i3 T4 xZiaxa3 Tg @V (2) e from(

x+1-4 2 [x+1J X-3 2 (x+1]
Ne -1 | —== - —————— Ne -1
+ 3 tan \/E + C + tan \/5 +cC

- 4(x2 +2X + 3) 4(x2 +2X + 3) 8

Ex.52 IfI = J.(sinx+ cosx)™ dx, then show that mI_ = (sinx + cosx)™. (sinx - cosx) + 2 (m - 1) [,
; m
Sol. - I = I(S|nx+cosx) dx
= I(sinx + COs X)m_1 . (sinx + cosx) dx, applying integration by parts.
= (sin x + cosx)™ ! (cosx + sin x) - I(m—l)(sinx + cosx)m‘2 dx . (cosx - sin x) . (sinx — cosx) dx

= (sinx + cosx)™ ! (sinx - cos x) + (m - 1) I(sinx —cosx)™2 (sinx + cos x)2 . dx

As we know, (sinx + cosx)? + (sinx - cosx)? = 2,

I = (sinx + cosx)™! (sinx - cosx) + (m - 1) '[(sinx +cosx)™? {2 - (sinx + cosx)2} dx

= (sinx + cosx)™! (sin x - cos x) + (m - 1) jZ(sinx +cosx)™? dx - (m - 1) I(sinx+cosx)mdx

I = (sinx + cosx)™! (sinx - cosx) + (m-1)I - (m-1)I_
or (m-1)I_ +1I_ = (sinx+ cosx)™?! (sinx —cosx) +2(m-1)I_,
or ml_ = (sinx + cosx)™? (sinx —cosx) +2(m-1)I_,
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Ex.53

Ifl .= _[COSm x.cosnx.dx, show that (m + n) I ~=cos™.sinnx+mI__ .

Sol. Wehave, I = J-cosm X.Cosnx dx
sinnx _ sinnx 1 m _ : .
= (cos™x) { n } fmCOSm ! (=sinx). — o dx =~ cos™x. sinnx + — jcosm ! x(sin x.sinnx) dx
As we have cos (n - 1) X = cos nx cos X + sin nx . sinx
1 m -
L = 1 COS™ X . sinx+ = jcosm X, {cos(n-1) x - cosnx . cosx} dx
_1 cos™ x . sinx + 1 J.cosm‘1 x.cos(n - xdx - 1 J.cosm X.cosnxdx
n n n
1 m m
= n cos™ x . sin nx + Y Lino1 Y Lon
m 1 m . m+n _1 m _
= I+ FIm,n =5 [cos™ . sinnx + ml_, ;] = | I, = o [cos™x .sinnx + mI _, ]
= (m+n) Im,n = cos™ X . sinh nx + mIm—l,n—l'
Ex.54 If I denotes J.z”el/Z dz, then show that (n + 1) ' I = I, + eV (1122 + 2123 + ... + n! z"*1),
Sol. I = J.z”el/Z dz, applying integration by parts taking e'/# as first function and z" as second function. We get,
1/z _n+1 1 n+1 1/z _n+1
S Iel/z - A P . jel/z.z”‘ldz
n (n+1) z¢ ) n+1 (n+1) (n+1)
. e1/2_Zn+1 .\ 1 _ e1/z_zn+1 . In—l e1/zlzn +l|1_2
o W= "+ T(+1) T (n+1) (n+1) n n
B el/z(z)n+1 N el/z_(z)n N 1 l
T (n+1) (n+1)n (n+1)n -2
B el/Z.(Z)I'H—l el/z_(z)n el/z_(z)n—l N I
T (n+1) (n+1)n ~ (n+1n(n-1) = (n+1n(n-1) "n-3
B el/z(z)n+1 N el/z_(z)n N N el/z_(z)n—l N 1 I
T (n+1) (n+1)n " (n+1n..3.2  (n+1)n(n-1)...3.2 70
Multiplying both sides by (n + 1) ! We get,
(n+ 1)1 =(eVz. 2z .nl+e¥2. 22(n-1)1+..+e¥2, 23, (2)! +e2.22.11) + I,
=> I (n+1)!=1I+e2(122+ 2123+ ... +nlz"1),
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G.

Ex.55

Sol.

INTEGRATION OF RATIONAL FUNCTIONS USING PARTIAL FRACTIONS

In this section we show how to integer any rational function (a ratio of polynomials) by expressing it as
a sum of simpler fractions, called partial fractions, that we already know how to integrate. To illustrate
the method, observe that by taking the fractions 2/(x - 1) and 1/(x + 2) to a common denominator we

1 2(x+2)—(x—1)_ X+5
x-1 x+2  (x-1D(xX+2) ~ x24+x-2

obtain

If we now reverse the procedure, we see how to integrate the function on the right side of this

) X+5 2 1
equation Im dx = J. X—1 x+2 dx=-2/|x-1] -In|x+ 2| +C

P(x
To see how the method of partial fractions works in general, let's consider a rational function f(x) = Plx)

(x)

Where P and Q are polynomials. It's possible to express f as sum of simpler fractions provided that the

degree of P is less than the degree of Q. Such a rational function is called proper. Recall that if
P(x)=ax"+a,_, x"t+..+ax+a,

where a_ # 0, then the degree of P is n and we write deg (P) = n.

If f is improper, that is, deg(P) > deg (Q), then we must take the preliminary step of dividing Q into P

(by division) until a remainder R(x) is obtained such that deg (R) < deg(Q). The division statement is

P(x) R(x) .
(1) f(x) = W = S(x) + W where S and R are also polynomials.

As the following example illustrates, sometimes this preliminary step is all that is required.

3
X2 + X
dx.

Evaluate j

Since the degree of the numerator is greater than the degree of the denominator, we first perform the
long division. This enables us to write

3

jxlexdx J.[X2+x+2+

x3 x?
X—1j dx = 3 + > + 2x + 2/n|x -1| + C
The next step is to factor the denominator Q(x) as far as possible . It can be shown that any
polynomial Q can be factored as a product of linear factors (of the form ax + b) and irreducible
quadratic factors (of the form ax? + bx + ¢, where b?2 - 4ac < 0). For instance, if Q(x) = x* - 16, we
could factoritas Q(x) = (x2-4) (x> +4) = (x-2) (x + 2) (x> + 4)
The third step is to express the proper rational function R(x)/Q(x) (from equation 1) as a sum of partial

A Ax +B

fractions of the form —(ax N b)i or

(ax2 +bx + c)j

A theorem in algebra guarantees that it is always possible to do this. We explain the details for the four
cases that occur.
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Ex.56 Evaluate _[

Sol.

Case I: The Denominator Q(x) is a product of distinct linear factors.
This means that we can write Q(x) = (a;x + b,) (a,x + b,) ... (ax + b,)
where no factor is repeated (and no factor is a constant multiple of another). In this case the partial
fraction theorem states that there exist constants A ,A,,...,A, such that.

R(x) A Az Ak
(2) Q(x) ~ a;x+bg + ar)x + by to +akx+bk

These constants can be determined as in the following example.

X% +2x -1
2x3 +3x% - 2x
Since the degree of the numerator is less than the degree of the denominator, we don't need to divide.
We factor the denominator as 2x3 + 3x? — 2x = x(2x? + 3x - 2) = x(2x - 1) (X + 2)

Since the denominator has three distinct linear factors, the partial fraction decomposition of the
integrand (2) has the form.

dx.

x2 +2x -1 A B C

G) x-Dx+2) ~ x T -1 T x+2

To denominator the values of A, B and C, we multiply both sides of this equation by the product of
the denominators, x(2x - 1) (x + 2), obtaining.
(4) x>+ 2x-1=A(2x - 1) (x+ 2) + Bx(x + 2) + Cx(2x - 1)
Expanding the right side of equation 4 and writing it in the standard form for polynomials, we get
(5) x*+2x-1=RA+B+2C) x>+ (3A+2B-C)x-2A
The polynomials in Equation 5 are identical, so their coefficients must be equal. The coefficient of
x2 on the right side, 2A + B + 2C, must equal the coefficient of x? on the left side-namely, 1.
Likewise. The coefficients of x are equal and the constant terms are equal. This gives the following
system of equation for A, B and C.
2A+B+2C=13A+2B-C=2 -2A=-1

1
Solving, we get A = X B =

2
X< +2x -1 11 1 1 _i 1 1 1 1
J‘m dx = J(2X+52X—1 10X+2jdx= > n |x| + 0 /n|2x - 1| - 0 n|x+2] + K

In integrating the middle term we have made the mental substitution u = 2x - 1, which gives du = 2dx
and dx = du/2.

Case Il : Q(x) is a product of linear factors, some of which are repeated.
Suppose the first linear factor (a,x + b,) is repeated r times, that is, (a,x + b,)" occurs in the
factorization of Q(x). Then instead of the single term A,/(a,x + b,) in equation 2, we would use

Ay A A
(6) 5x+b, * (ax+b)? Tt (ax by )

x3 -x+1 A
X

By way of illustration, we could write 2

(x-1°

but we prefer to work out in detail a simpler example.

C D E

B
Tt T - T x-1)3
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x* - 2x% + 4x +1
Ex.57 Evaluate [>——> "
X7 =X"=X+

4 2
X" —2x° +4x+1 4x
Sol.  The first step is to divide. The result of long division is —5—— =x+1+ 35 7
x> —x“-x+1 X7 =X7=x+1

The second step is to factor the denominator Q(x) = x3 - x> - x + 1. Since Q(1) = 0, we know that
x - lisafactorand weobtain x> -x?-x+1=(x-1)(x*-1)=(x-1)(x-1)(x+1)=(x-1)2(x+ 1)
Since the linear factor x — 1 occurs twice, the partial fraction decompositoin is

4x A B
(x-12(x+1) = x-1 T (x-12 T x+1

Multiplying by the least common denominator (x - 1)? (x + 1), we get
(7) 4x = A(x-1)(x+1)+B(x+1)+C(x-12=(A+C) x>+ (B-2x)x+ (-A+ B+ C)
Now we equate coefficients : A+ C =0
B-2C=4
-A+B+C=0
Solving, we obtainA=1,B=2,andC=-1, so

4 2
,[X - 2X +4x+1dxzj‘x+1+ 1 N 22_ 1 ix

3 ox2 _x+1 x-1 (x-1) X+1

2 2 _
X 2 ' 2 X-1
—7+x+£n|x—1|—x_1—£n|x+1|+K—7+x < + /n x+1+K

Case III : Q(x) contains irreducible quadratic factors, none of which is repeated.
If Q(x) has the factor ax? + bx + ¢, where b2 - 4ac < 0, then in addition to the partial fractions in
equation 2 and 6, the expression or R(x)/Q(x) will have a term of the form.

AX+B
ax? +bx+c

(8) where A and B are constants to be determined. For instance, the function given by
f(x) = x/[(x = 2)(x? + 1) (x? + 4)] has a partial fraction decomposition of the form

X A Bx +C Dx +E
(x-2)(X2 +1)(x%> +4) ~ x-2 * x2 +1 * X2 + 4

The term given in (8) can be integrated by completing the square and using the formula.

dx 1 t 1[XJ+C
= — tan?! |
x2+a2 a a

©) |

2x% —x + 4
Ex.58 Evaluate J’# dx
X~ + 44X
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Sol.

Ex.59 Write out the form of the partial fraction decomposition of the function

Sol.

Ex.60 Evaluate J.

Sol.

2x2 —x +4 A Bx +c
X

Since x3 + 4x = x(x2 + 4) can't be factored further, we write — 5 = +
( ) x(x2 +4) X% + 4

Multiplying by x(x?> + 4), we have 2x? - x + 4 = A (x> + 4) + (Bx + C) x = (A + B) x2 + Cx + 4A
Equating coefficients, we obtain A+ B=2 C=-1 4A =4

2x% - x + 4 1 x-1
ThusA=1,B=1andC=—1andso_[—3 2 dx=J.[;+Xz+4]dX
x> +4x

X-1 dx = J- X d J~ 1 q
X% +4 x= X2 +4 X X% +4 X
We make the substitution u = x2 + 4 in the first of these integrals so that du = 2x dx. We evaluate the
second integral by means of Formula 9 with a = 2.

In order to integrate the second term we split it into to parts J.

2x%2 —x + 4 1 X 1 1 1
————dx = |—=dx dx - dx = = 2 _ = -1
J.x(x2+4) dx IX +-[x2+4 24 €n|x|+2€n(x + 4) 2tan (x/2) + K

Case IV : Q(x) Contains A repeated irreducible quadratic factor.
If Q (x) has the factor (ax? + bx + ¢), where b? - 4ac < 0, then instead of the single partial fraction
(8), the sum

AX+B A2X+Bz AX+B
(10) 1 1 r r

- . + + ...+
ax2 +bx+c - (ax?+bx+c) (ax? +bx +c)

occurs in the partial fraction decomposition of R(x)/Q(x), each of the terms in (10) can be integrated
by first completing the square.

x3+x2+1

X(X —1)(x% + x + 1)(x% +1)3

x3+x% +1 A B Cx+D Ex+F Gx +H IX +)
X

=—+ + +
X(X —1)(x2 + x + 1)(x% +1)3 x-1  x2ix+1l  x2+1  (x%2+1)2  (x%2+1)

1-x+2x%2-x3

x(x2 + 1)2 dx

1-x+2x% -x3 A Bx +C Dx +E
X

The form of the partial fraction decomposition is x(x2 N 1)2 + 21 + (Xz + 1)2

Multiplying by x(x? + 1)2, we have -x3 + 2x?2 - x + 1 = A(x? + 1)2 + (Bx + C) x (x> + 1) + (Dx + E)x
=AY+ 22+ 1) +BX*+x) +C3+X) +Dx2+Ex=(A+B)x*+Cx®*+ (2A+B+D)x*+ (C+E)x+ A
If we equate coefficient, we get the system A+ B=0 C=-1 2A+B+D=2 C+E=-1 A=1
Which the solutionA=1,B=-1,D=1,and E = 0. Thus

1 x+1 X dx X dx xdx
= ||=- + - [22 _ - | = —
dx—j[x X% +1 (x2+1)2] dX_.[x -[x2+1 dx ><2+1+J.(x2+1)2

J-l—x+2x2—x3

x(x2 + 1)2
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Ex.61

Sol.

1

1
= /n |x| - 5 /n (x> + 1) - tanx - 20x2 + 1) + K

We note that sometimes partial fractions can be avoided when integrating a rational function. For

x2 1

instance, although the integral jm dx

could be evaluated by the method of case III, it's much easier to observe that if u = x(x2 + 3) =

x% +1 1

- = 2
x(x2+3) dx 3 fn |x% + 3x| + C

x3 + 3x, then du = (3x2 + 3) dx and so J

Evaluat J~x3—3x2+2x—3d
valuate (X2 N 1)2 X.
In this example there is a repeated quadratic polynomial in the denominator. Hence, according to our

x> -3x>+2x-3  A;x+By A)x +B,
(x? +1)? T 21 T2 +1)

previous discussion

For some constants A,, B,, A, and B,
An easy way to determine these constant is as follows. By long division,
x3 - 3x% +2x -3 3

3+ X and the efoeX3_3X2+2X_3 X~3 +—X
=X- refor =
x2 +1 X2 11 x2+1 | (x%+1)?

X2 +1

ThusA =1,B, =-3,A,=1andB, =0

X3_3XZ+2X_3dx:I X dx_,[

we know have I (x2 " 1)2

X
dx + | ——— dx
2 J‘ (XZ i 1)2

x2 41 X -1

1 1
- = 2 _ 1y o ————
2lén(x + 1) -3tantx 2(x2+1) + C
dx
Ex.62 Evaluate [———
COS X + COS ecx
dx sinxdx 2 sin xdx 2sinx
Sol. 1= 1 =I i 1 2+25inxcosxdx= 2 +sin2
COSX + — COSX.SiNX + +sin2x
sinx
[(sinx + cos x) + (sin X — cos x) Jdx sin X + cos X sin X — cos x
= - = - dx + | —=——7F—F%—
2 +sin2x 2 +sin2x 2 +sin2x
SinX + cos X sinX — cosXx .[ SinX + cos x _[ sin X — cos X
T J3-(1-sin2x) dx + 1+(1+sin2x) ~ ¢ 3-(sinx - cosx)? dx + 1+(sinx + cos x)? dx
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putsinx -—cosx =sandsinx+cosx=t = (cosx + sinx) dx = ds and (cosx - sin x) dx = dt

I_J' ds jdt _J‘ ds J' d¢ 1 |x/§+s| S
=lita e @By e T 93 ettt e

1 |\/§+smx cosx| o
=50 log |\/— smx+cosx| - tan™! (sinx + cosx) + ¢

_]_X

tan
Ex.63 Evaluate J. 7] dx
X

-1

t 1 1 1
Sol. I= _[ an _x dx - jtan X—dX = (tan7! x) [ 3x2J - J.1+x2'( 3X3)dx
4 _

tan! x 1 J‘ X
3 3 93xd)

Putl+x2=t = 2xdx=dt

tan ! x

1
3x3 +€

I

+

J‘ dt _ tan~! x

12t 33 ) w(1)

1
6

J'; J‘LJF B _.,C
where, I, = [\ gz dt = J{t71 (t-12 t dt

Comparing coefficients weget, A=-1,B=1,C=1

1 1 1 1
= |3-——t+————=+= = _ 1] - ——— . ; i
I, = H (t-1) (t—1)2 t}dt— log |t - 1] t-1) + log |t] .. From (i) and (ii), we get
S L el L) re peo BIX Ly el L
33 6 9 20 c - 3x3 6 9| x* ox> ' ©
1
Ex.64 EvaIuateJ. o —~ 2 9%,
(e”-1)
1 X

e
Sol. We have IW dx + Imdx, [multiplying the Nr. and Dr. by eX]

dt
= jt(t C12 putting e* = t so that eX dx = dt.

1 A B C
Now t(t-1) =?

+m (t— 1)2 = 1=A(t-1)? + Bt(t-1)+Ct ....(1) (on resolving into partial fractions)
To find A, putting t = 0 on both sides of (1), we get A = 1.

TofindC, putt=1andwegetC=1.Thus1=(t-1)2+Bt(t-1) +t
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Ex.65

Sol.

Ex.66

Sol.

Comparing the coefficients of t2 on both sides, we get

1

0=1+BorB=-1 : o=
- - t 17 (t-1)?

tt-1)72% ~

Hence It(t 7 = [fae - [ f(t )7 =logt—log (t-1) - {1/(t - 1)} + C
=logeX-log(ex-1)-{1/(e*-1)}+c =x-log(eX-1)-{1/(eX-1)} + ¢

Integrate (3x + 1) / {(x - 1)3 (x + 1)}.

3x+1 31+y)+1 4 + 3y
x-13(x+1) = y3@+y) T y3@2+y)

Puttingx -1 =ysothatx =1 + vy, we get
arranging the Nr. and the Dr. in ascending powers of y

1,1, 1, 1 y3
3|t Yy +Zﬁ , by actual division

I
w

2 1 1 1 T2 1 1 1
v P2y Tay Y2y T -1 T oax-1)? T ax-1) T ax+1)

2 .t 1t 1
(x-1° 2(x-12 4(x-1) 4(x+1)

Hence the required integral of the given fraction = J[

-1 1 1 -1 1 1

- 1 - 1 X+1
= x-12 T 2(x-1) " 3 log (x - 1) + 7 log(x+ 1) +c= x-12 " 2(x-1) " 2 log 1 +cC

1 4
Evaluate the integral jx3(x 1 X,

2sec? 9tanode
Let x = sec?0 = dx = 2 sec?0 tano do = 1I= j—

3 =2 jcos4 ode
sec” 0tano

2
=2 [eos* 0d0 = 2 [I(cos? 20P]0 = [| 120220

> } de = 2 I(cos 20 +2c0s20)do

= %Ude +J-cos2 26d9+2J-c0526d(9J = % {e+'[[1+C§549Jd9+ sinzze} ' e

12 0  sin40 _. } 0 0 sindd sin20 30 sin20  sin40
> { 2 8 +cC 2+4+ 16 + > +cC 4+ > + 16 + cwhere x = sec?0
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2% 4x_43x 42x 2eX
Ex.67 Integrate,j e € e e dx.

(e +4)(e® -1y

Sol put . J’2y4+y3—4y2+4y+2 y(y2+4)(y4—2y2+1)d 1 . {exJ
ol. Putex= = = = -7 3y <+tan!| 5 |+c
y= R 2 +ay2-12 YT T2 1) 2
Ex.68 Integrate J.—dy
X. r .
g y2(1+y2)3
dy cos® o (1 -sin® 0)3 de
Sol. Puty = tano =|——db = |————"—
Y - Jyz(1+y2)3 -[ sin2 0 I sin2 6

_r@- 3sin® 0 + 3sin* 0 - sin® 0)do
sin® 0

= j(cosecze ~3+3sin?0-sin*0)do

= —l -1 tan'ly - 1 sin (2 tanly) - 1 sin (4 tan'y) + ¢
"7y "8 Y73 Y732 Y

Ex.69 Evaluate I

f(x
—x3(—)1 dx, where f(x) is a polynomials of degree 2 in x such that f(0) = f(1) = 3 f(2) = -3.

Sol. Let, f(x) = ax? + bx + ¢ given, f(0) = f(1) = 3f(2) = -3
f(0) =f(1) =3f(2) =-3,f(0) =c=-3,f(1)=a+b+c=-3, 3f(2)=3(4a+b+c)=-3

. f(x) x2-x-3
onsolvingwegeta=1,b=-1,c=-3 .. f(x) =x2—x—3:I=IX3_1 d =I(x—1)(x2+x+1) dx

(xz—x—3) _ A Bx + C
(x-1D(x%+x+1)  (x-1) + (X% +x+1)

Using partical fractions, we get,

Weget, A=-1,B=2,C=2

B 1 g J~ (2x +2) _ J~ (2x+2) 1-dx
1= [ qox+ (2 ax+1) PElog =1+ Toa ity Y e

dx 2 2x+1
= -log |x-1] + log [x*+x+1| +I(x+1/2)2 T (J3/2)2 =109 Ix-1] +log X +x+1] + /3 tant| ~ = |+c

Ex.70 Integrate 1/(sinx + sin 2x).

Sol. Wehavel = jsinx+sin2x B jsinx+25inxcosx _-[SinX(1+2COSX)
_ J‘ sin x dx = Sinxdx Now putting cos x = t, so that - sin x dx = dt, we get
sin?(1 + 2 cos x) (1-cos® x)(1 +2cosX) P ’ , , i

J’ dt J' dt J' 1 B 1 N 4
I=- (1—t2)(1+2t) - 1-tHA+)@Q+20) = 6(1-t) 2(1-t) 3(1+2t) dt,

1
6

1 2 1 2
=— log (1-t) +E log (1+t)—§ log (14+2t) + c =— log (1- cos x) +5 log (1+4cosx) ) log (1+2cosx) + ¢

|+
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H. INTEGRATION OF IRRATIONAL FUNCTIONS
Certain types of integrals of algebraic irrational expressions can be reduced to integrals of rational
functions by a appropriate change of the variable. Such transformation of an integral is called its
rationalization.
(i) If the integrand is a rational function of fractional powers of an independent variable x, i.e. the
P1 Py
- x, x4 ,...., x% : N o
function R | 7 reen , then the integral can be rationalized by the substitution x = t™, where m
is the least common multiple of the numbers q;, q,, ..., q,-
(ii) If the integrand is a rational function of x and fractional powers of a linear fractional function of
ax+b ax+b
the form X+ , then rationalization of the integral is effected by the substitution X*0 t™ where
cx +d cx +d
m has the same sense as above.
,[ dx
Ex.71 Evaluate \/(x+a) +\/(x+b) .
dx Jx+b) —J(x +a)
Sol. Rationalizing the denominator, we have -[\/(x +a)+ \/(x +b) I (x+a)—(x+a) dx
(X+b)1/2_(X+a)1/2 1 |:£(X+b)3/2—z(x+a)3/2:| 2 1 3
= = — = — + /2 _ + 3/2 +
.[ b-a dx b-al|3 3 3 (b-a) [(X b) (X a) 1+c
Ex.72 Evaluate 1 = [0 29
X. valuate I = x(1+§/§) .
Sol. The least common multiple of the numbers 3 and 6 is 6, therefore we make the substitution
X = t8, dx = 6t° dt.
(t® +t% + t)t° °+t3+1 3 dt 3
whence 1 6I t6(1+t2) _[ T dt 6_[ jt2+1 2t + 6arctant + C.
i i 3 2/3 6
Returning to x, we obtain I = X+ 6 arc tan §/x + C.
Ex.73 Evaluate 1 jm
X. valuate I = 2x_3)1/3:1°
Sol. The integrand is a rational function of §2x —3 therefore we put 2x - 3 = t6, whence
dx = 3t5dt; (2x - 3)¥2 =+t3; (2x - 3)V/3 = t2,
3t° 6 4 42 dt t’ t° t3
I= dt=3 |(t°P-t"+t°-1) dt + 3 =3 —-3— +3— -3t+3 tant + C.
-[t2+1 I( ) I1+t2 7 5 3 arc tan
Returning to x, we get
I= 3{%(2x—3)7/6 —%(2x—3)5/6%(2x—3)1/2 ~(2x-3)1/6 + arc tan(2x—3)1/6} vy
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Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

74 Evaluate I%/; 7\/1+§/x_4dx.

letx = t3 = dx = 3t2then I = It(1+t4)1/7 3t dt = 3jt3(1+t4)1/7dt

3 21 21
X' = 4dt=7X0dX = . [7x7dx - 35 X+ C. Therefore I = 25 (1 +x¥3)¥7 + C

32
2 2-X
==
2-x2 V2:x ¥

[2
The integrand is a rational function of x and the expression 3m therefore let us introduce the

[2-x 2-x 2-2t3 4t3 ~12t2
Fution 3 =t — 3 e ek ey = — - —
substitution 2 x t; 27 x t3, Whence X = L0 ;2 - X 1.0 dx 1+ t3)2 dt.

2@+t ta2t2 0 3 qdt
HenceI——I L6511 07 dt——2 3

Let1 + t*

75 EvaluateI = J.

C 3 cwegetr= 232XT ¢
= 2 .Wegetl= :

dx
INTEGRAL OF THE TYPE IW WHERE X AND Y ARE LINEAR OR QUADRATIC EXPRESSION

76 Integrate 1/[(2x + 1) 4x+3) ].
2 2 2
Put 4x + 3 = t2, so that 4dx = 2tdt and (2x + 1) = 2A-3) Lt 2_3+ 1= -1

_ J' dt 1 0g {ﬂ} 1 J@x+3)-1
-t

I[(2x+1)\/(4x+3)] Il -1~ 299 tv1] =319 fax+3)1 T ¢

x2dx
(x=-1)y(x+2) "
Put (x + 2) = t?, so that dx = 2t dt, Also x = t% - 2.

77 Evaluate _[

I x2dx _ J‘(t2—2)2.2t dt It4_4t2 +4
(x-1J(x+2) ~ t2-3).t t2_3

= 2_[[t2 ~1)+{1/(t* -3)}]dt, dividing the numerator by the denominator
=22 £ t+ {1/(243)} log {(t - y3)/(t + y3)}]

422 oy 1 g x2) =43
=2{ 3 (X+2)+2\/§°g\/(x+2)+\/§ +C
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INDEFINITE INTEGRATION

Ex.78 Integrate 1/{x? /(x +1) }.

Sol.

Put (x + 1) = t?, so

that dx = 2t dt. Also x = t2 - 1.

dx
J’xz\/(x+1) = J.(tz

2t dt 5 J' dt

—p2e T A e
1 1 1 1 1
- IE (t +1)? ’ (t+1) " (t—1)2 C(t-1) dt, by partial fractions
1jdt 1 [ _dt 1jdt 1Idt
=2 s T2 ey F2 -2 T2 M e
—5{1/(“'1)}"'3'09(“'1)‘5{1/(’(-1)}—Dlog(t—1)+c
=‘D{1/(t+1)}+1/(t—1)]+Dlog{(t+1)/(t—1)}+c=_ +D|og

Ex.79 Integrate 1/[(1 + x)

Sol.

Ex.80 Evaluate

1.

Put (1 + x) = 1/t, so that dx = - (1/t?) dx.

Also x = (1/t) - 1.

-

.(2dt = - ) = - +c=- + c.

Sol. Put x = 1/t, so that dx = - (1/t?) dt.
I = = =
Now put 1 + t2 = z? so that t dt = z dz. Then
I = - = =
= log = log +c [v z2=1+t]
= log +c= log +cC [ t=1/x]
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Sol.

= - cot x /n (cosx - -)+_= - cot x /n (cosx - -) +I,+c

Putsinx=I:> cosxdx=—Idt
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= -cotx-x+c=- -cotx-x+c=- -cotx-x+cC

= I=-cotx/n(cosx - - -cotx-x+c¢

INTEGRATION OF A BINOMIAL DIFFERENTIAL

The integral de, where m, n, p are rational numbers, is expressed through elementary

functions only in the following three cases :
Casel: pis aninteger. Then, if p > 0, the integrand is expanded by the formula of the binomial; but if
p < 0, then we put x = tk, where k is the common denominator of the fractions and n.

Case Il : is an integer. We put a + bx" = t*, where a is the denominator of the fraction p.
Case III: + p is an integer we put a + bx" = t*x", where a is the denominator of the fraction p.
Ex.83 Evaluatel = dx.
Sol. I= . Here p = 2, i.e. an integer, hence we have case I.
I= dx = dx=DD+D + + C.
Ex.84 EvaluatelI = dx.
Sol. I= .Herem = —D; n= D; p = D; = =1, i.e. an integer.

Ex.85 EvaluatelI =

Sol.

we have case II. Let us make the substitution. Hence, I = 6

Herep = - Dis a fraction, = = - Dalso a fraction, but +p= —D - D =-3isan

integer, i.e. we have case III, we put 1 + x* = x*2, Hence x = ;dx = -

Substituting these expression into the integral, we obtain

= s FNIR

Returning to x, we getI = - + - + C
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Ex.86 EvaluateI =

Sol.

Sol.

EULER'S SUBSTITUTIONS

Integrals of the form

1. =tiDisa>0;
2. =tiDifa>0;

tifax?+ bx+c=a(x-a)(x-B)
i.e. if ais real, I root of the trinomial ax2 + bx + c.

3. =(X-a)

whence x = ;dx =

Substituting into the integral, we obtain I =

Here a = 1 > 0, therefore we make the substitution

dx are calculated with the aid of the three Euler substitutions.

=t-x.
Squaring both sides of this equality and reducing the similar terms, we get 2x + 2tx = t2 -2

dt = 1+ =14+t- =

dt

Now let us expand the obtained proper rational fraction into partial fractions :

= +

+

Applying the method of undetermined coefficients we find : A=1,B=0,D = - 2.

Hence dt = -2 =/(n|t+ 1] + + C.
Returningto x, wegetI =/n(x + 1 + ) + + C.
Ex.87 Evaluatel =
Since here c = 1 > 0, we can apply the second Euler substitution =tx-1,
whence (2t - 1) x = (2 - 1) x?; X = ;
dX =-2 dt; X + =
Substituting into I, we obtain an integral of rational fraction :
= dt, = D + + +

By the method of undetermined coefficient we find A=2; B = - D; D=-3,E= —D

Hencel = 2 —D

-3 D _

= 2/n |t| —Dfnlt— 1] +

—Dén [t+ 1] + C. wheret =
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Sol. Inthis case a < 0 and c¢ < 0 therefore neither the first, nor the second, Euler substitution is applicable.
But the quadratic trinomial 7x - 10 - x2 has real roots a = 2, B = 5, therefore we use the third Euler

Ex.88 Evaluatel =

substituion : = =(x-2)t.

Whence 5 -x = (x-2)t?; x= ;dx = - p(x=-2)t= t=

HenceI=—D dt=—D dt=—D + C. Where t =

Ex.89 Evaluate

Sol. Letl= Putx+E=t (D)

= dx=dt = dx = dt (D))

We know t = x + =X+ X
t= = t=x+ and - D =X - substracting we get,
2 =t+] or = ...

dt

from (i), (ii) and (iii) we get dx

- -l -1

=> 1I= [x + 1t + (x + 1 t+c
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Ex.90 If y (x — y)? = X, then show that = D In [(x - y)?-1].

Sol.

Let P = =D£n [(x -y)?-1] = D= = (D)

Given y (x - y)? = x, differentiating both sides, we get D = v (i)

D = Which is true as given. = D log {(x -y)?>-1}
CAN WE INTEGRATE ALL CONTINUOUS FUNCTION ?

The questions arises : Will our strategy for integration enable us to find the integral of every continuous

function ? For example, can we use it to evaluate dx ? The answer is no, at least not in terms of

the functions that we are familiar with.

The functions that we have been dealing with in this books are called elementary functions. These are
the polynomials, rational functions, power functions (x3), exponential function (aX), logarithmic functions
trigonometric and inverse trigonometric functions, hyperbolic and inverse hyperbolic functions, and all
functions that can be obtained from these by the five operations of addition, substraction multiplication,

division, and composition for instance, the function f(x) = + /n (cosh x) - xesin 2

is an elementary function

If fis an elementary function, then f' is an elementary function but dx need not be an elementary

function. Consider f(x) = D Since f is continuous, its integral exists, and if we define the function F

by F(x) = then we know from part 1 of the fundamental theorem of calculus that F'(x) = D

Thus, f(x) = D has an antiderivative F, but it has been proved that F is not an elementary function.

?This means that no matter how hard we try, we will never succeed in evaluating dx in term of

the function we know. The same can be said of the following integrals.

dx
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